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Homogeneous difference schemes for numerical solution of the prob- 
lem of diffusion with a moving interface are constructed on the basis 
of an integro-interpolation method. The stability and convergence of 
the schemes are shown. The results of numerical calculation are com- 
pared with the analytic solution of the model problem. 

The study of diffusion of an impur i ty  in a two-phase 
medium with a moving interface  is closely re la ted  to 
the problem of chemical  inhomogeneity in the c r y s t a l -  
l izat ion of var ious  mel ts .  

Diffusive impur i ty  red i s t r ibu t ion  is decis ive in zone 
re f in ing  of s teel  and production of semiconductor  de-  
vices ,  and appears  frequently in fusion welding, c r y s -  
ta l l izat ion of ingots, and in other meta l lu rg ica l  p ro -  
cesses  involving c rys ta l l i za t ion  of meta l s  and alloys. 
Considerable  exper imenta l  difficulties complicate the 
quanti tat ive study of uns teady-s ta te  diffusion near  a 
c rys ta l l i za t ion  front.  Calculation methods that account 
for the effect of c rys ta l l i za t ion  conditions on the fo r -  
mat ion  mechan i sm of chemical  inhomogeneity are  
therefore  of in te res t .  

There  have been a number  of works on diffusive 
impur i ty  r ed i s t r ibu t ion  in which an analytic solution is 
found under cer ta in  assumptions  (the problem of "dif- 
fusive supercool ing" in [1], the problem of c r y s t a l l i -  
zation of a b ina ry  alloy in [2], the problem of chemical  
inhomogeneity in [3], and others).  

In this paper we propose a number  of schemes for 
numer ica l  in tegrat ion of the one-d imens iona l  problem 
of chemical  inhomogeneity.  The formulat ion of the 
problem essen t i a l ly  employs the hypothesis of ap lane  
c rys ta l l i za t ion  front.  

1. Statement  of p rob lem.  Mathematical ly,  the p ro -  
cess of diffusive impur i ty  red i s t r ibu t ion  is formulated 
as a boundary-va lue  problem for parabol ic  equations 
with moving discont inui t ies  of the coefficients and spe-  
cial conditions of conjugation at the dis continuity points.  
The main equations and boundary and initial conditions 
have the following form: 

act a ( act ) 
at ax \ D, --~x / '  O<x<:~(t);~ (1) 

oc, o { OC, "1 
Ot Ox \ Ox J' 

~ ( t ) < x < l ,  O<t<T; (2) 

OCt ~(o-o OC~ } = 

d~ 
-- dt [C~--C,]~u); (3) 

Cr [g(,)-0 = • C2 [~(,)+0 ; (4) 

c,(o, t) cl~ c~g, t) c (~ = = 2 ,  C ( x ,  o ) = c  o. (5) 

Here, C1 and C2 are  the concentra t ions  of the impur i ty  
in the base  mate r ia l ;  D1 = Dl(X, t) and D2 = D2(x, t) are  
the diffusion coefficients in phases 1 and 2, r e s p e c -  
tively; ((t) is the posit ion of the interface;  and u is the 
dis t r ibut ion coefficient ( ref inement  factor).  The func-  
tion ~ = ~ (t) is assumed to be known, and at the ini t ial  
t ime 0 < ~(0) < l. 

In problem (1)-(5) we make the subst i tut ion 

v (x, t) = I ~ c1 (x, t), o ,< x .~ ~ (t); 
(• O, g(O<4x-</ .  

Then, problem (1)-(5) is t r ans fo rmed  as follows: 

OVat - OxO (Di --~-xOV t/, 0 < x < ~ ( t ) ;  (6) 

1 OV O (D~._ OV ') 
• Ot Ox • Ox , ~ ( t ) < x < l ;  (7) 

OV iu)-o D2 OV ~u)+0= 
D1 -~x ' • Ox 

dg 1 - - z  
v (~ (0, l); 

dt • 

v ( ~ - - o ,  0 = v ( ~ + o ,  0; 

v(o, t) = c~~ v d ,  0 = c2 (~215 

(s) 

(9) 

v(x, 0 ) :  I c~ 0<x<~(t ) ,  
[• ~ ( 0 < x < L  (10) 

Conjugation condition (8), which re la tes  the flows to 
the continuous function V(x, t) at the moving interface,  
can be in te rpre ted  as a point (i. e., 6-shaped) power 
source d~/dt(l - ~/~ )V(~ (t), t)6 (~ (t) - x) (6 (z) is the 
Dirac delta function). 

The presence of such a source can be taken into 
account on the right-hand side of the equation, which 
is understood in the generalized sense: 

P O t  Ox . 

1 --.• d~ 
+ V (x, t) 6 (~ (t) --  x), 

dt 
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O < x < l ,  (11) 

w h e r e  p (x, t) and D(x, t) a r e  p i e c e w i s e - e o n t i n u o u s  f u n c -  

t ions ,  de f ined  as fo l lows:  

,o (x, 0 = ~ -U- ._x - - 1  n (~ (t) - x); 
X 

_ _ - _  D(x, t):= Do + D.~ 

~?(~ (t) - x)  i s  the H e a v i s i d e  uni t  funct ion:  

a3(z) = / 1, z > 0 ,  
[0, z ~ O .  

The fo l lowing  equa l i t y  is  va l id :  

g d  
-_2_ v (x, t) a (~ (t) - x) = 
dt 

0 - Iv (x, t) n (~ ( 0  - x)] - -  
or 

OV (12) 
- -  ~I (~ (0 - -  ~) at ' 

which  fo l lows  f r o m  the r e l a t i o n  3 [V~ ] /0 t  = (8V/0t)~? + 
+ V(37?/~t), if  we take  into a c c o u n t t h a t  0n /~ t  = (0~ /3~)  x 
• (d~/dt)  = (d~/dt)6(~( t )  - x). 

We u s e  (12) and t r a n s f o r m  (11) to 

- ~  0v) 0 ( 9 V ) = ~ _  x D ~ x  " 
Ot 

(13) 

The boundary  and in i t i a l  condi t ions  fo r  V(x, t) a r e  

V(O, t)=C~~ V(I, l )=C~~215 

V(x, O) = I C~ O < x < ~ ( t ) ,  (14) 
(•  ~ ( t ) < x < Z .  

h 
xi+ T 

[(p v ) ( ~ ' )  - (p v ) ( ~ ]  dx = 

h 
xi 2 

t k 

- - D  OVox .=.~- ~-J dx (15) 

(the no ta t ion  (pV)(k+l) i n d i c a t e s  the subs t i tu t ion  P(x,  

tk+l)V(x, tk+ ~)). 
The i n t e g r a l  i s  c a l c u l a t e d  f r o m  the l e f t  by  m e a n s  of 

the g e n e r a l i z e d  r e c t a n g I e  f o r m u l a  at  the  midpoin t ,  

h 
xi+ -2- 

~i' (p V)(h+x) dx = 
h 

x i -  ~ -  

h xi+ 5- 

= V~ I~+') j" p(x, tk+,)dx (V~ '~+1) --V(x~, tk+O). 

h 
xi 2 

S e v e r a l  a p p r o a c h e s  can be  u s e d  in c a l c u l a t i n g  the 
i n t e g r a l  f r o m  the  l e f t  in (15)o We u s e  the m e t h o d  d e -  
s c r i b e d  in [4]. 

Le t  g = D(~V/Ox). Then (OV/Sx) = g / D  and 

�9 x,., + a 

xi+l OV d x = V ( X i + l ,  t) V ( x i ,  t ) =  j" - g - d x ~  
Ox D 

x i xl 

x~ h ) dx ~ g (  + ~ - ,  t 
, , D (x, t) 

x i 

Hence  

In v i e w  of the d i f f e r e n t i a t i o n  of the  d i scon t inuous  
func t ions  p and D, p r o b l e m  (13) and (14) is  a p r o b l e m  
of f inding a g e n e r a l i z e d  so lu t ion  V(x, t). 

2. N u m e r i c a l  me thod .  We u s e  the i n t e g r o - i n t e r -  
po la t ion  m e t h o d  of [4] to c o n s t r u c t  s c h e m e s  fo r  nu -  
m e r i c a l  i n t e g r a t i o n  of p r o b l e m  (13) and (14). We 
p a r t i t i o n  the i n t e r v a l  [0, l] with a n e t w o r k  wi th  spac ing  
h, i n t r o d u c e  a t i m e  s tep  r such  that  x i = ih, t k = k r  (i = 
= 1, 2 . . . . .  N; k = 1, 2 . . . . .  K), and i n t e g r a t e  (13) o v e r  

the e l e m e n t a r y  r e g i o n  Dhr [x i  - h / 2  < x < x i + h /2 ;  
t k - t --< tk+l] of the  s p a c e - t i m e  p lane  (x, t): 

h 
t1r xi+ ~-  

~ ~ -  [P VI dxdt = 

h 
t k x i -  ~ -  

h tk+l xi+ -~- 

i o v ,  
,J k ~ X  

h 
tie x i -  -~- 

We i n t e g r a t e  f r o m  the l e f t  wi th  r e s p e c t  to t and 
f r o m  the r i g h t  with r e s p e c t  to x: 

' h ) ~ .  . .__ 2--~ ' t" V (x i 4- h, t) - -  V (x i, t) di + I g Xi + 
h T 

w h e r e  

d + l  = ~. D(x, l )  ' 
x i 

Now we c a l c u l a t e  the i n t e g r a l  w i t h r e s p e c t  to t u s i n g  
the r e c t a n g l e  f o r m u l a  at  the e x t r e m e  po in t  t = tk+l: 

~ki+' ( OV ) dt ~ 
D --Ox * i ~ T  

t k 

tk,+.~ 
L V(x~+,, t ) - -V(x , ,  t) 

d ~  h dz+ ~- (t) dt ~ 

V ( k - I )  1 7 ( k + l )  
i -hi  - -  v i  . ( k + l  ) 

d i . i ; 

tk~1- 1 *t+' 7 
d.'~'l = .-- dt. 

~+-2- T - h  D(x, t) 
*te xi 

(16) 
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Similar ly ,  

71(,o 
~k 

v?+ ~) _ _  v ?_+?) 
d(~+ ~P �9 (17) t----  ' 2 

where 

We let 

,( ~+~) l " d x  , -~  
~ i  1 : - -  - -  [ 

- T  T D(x ,  I) J 
t k xi-1 

dr. 

h x i+ -~- 
1 

p~k+l) = ~ _  S O(X, tk~Ddx, 
h 

x i - - .  ~ 

h 

p?} l**f f  
= h J p(x, tDdx (18) 

h x i -  ~- 

and subst i tute  into (15) the obtained express ions  for 
the in tegra ls  in t e rms  of the finite sums: 

T 

i (k§ (k+I) ] 
h 2 i -  I ! ' 

i = l ,  2 . . . . .  N - - 1 .  (19) 

System of difference equations (19), whose coeffi-  
cients are found from formulas  (16)-(18), defines a 
calculat ion scheme (scheme I) for the network function 
v.(k+l) (i = 1, 2 , . .  N - 1; k = 1, 2, , K). 

1 "~ * ' ~  
Some modificat ions of this scheme are  poss ible .  
We integrate  the express ion  for the flow g = 

= D(OV/~x) with r e spec t  to x from x i to xi+ ~ 

g(x, O d x =  1__ D - -  dx. 
Ox 

x i x i 

(20) 

We approximate the in tegra ls  in (20) as follows: 

g(x ,  t ) d x . ~ g  & + h t " 
2 ' ' 

"i 

x~r ___OV OVox *~+ _ .~l q f  ~ 1 D d x ~  
h 

X i x i 

~.'~ V(&.1,  l ) - - V ( & ,  t) d , (/); 
h ~+T 

x.+l 

x i 

Hence 

, t ) ~  g (x+ T 

Similar ly ,  

V(&+~, l ) - - V ( x ~ ,  t) d ~ (t);  (21) 
h ~+ T- 

g(x • , 0 . ~  
2 

V(&,  t ) - - V ( x i _ l ,  t) d I (t), (22) 
h i - T  

where 

xi  

d_4( t )=T D(x,t)&. 
xi-1 

We replace  in (15) the flows at points x i + h/2 and 
x i - h/2 by their  approximate values from (21) and 
(22) and integrate  with r e spec t  to t just  as for scheme 

I. Then the formulas  for the coefficients d/?~ ) and 
2 

d!k+'P in difference equation (19) will have the fol-  

lowing form: 

tkt+l . ( ~ §  1 ' 
a. I = - -  d I (l) dt; 

~4- T T i+ %-- 
~,~ 

(k+I) ~ i di__~_---- d , (t)dt. (23) 
~--2- 

The difference scheme for Eq. (19) in which the co-  
efficients are calculated by (18)and (23)we call dif-  
ference scheme II. Note that in a number  of cases 
scheme II coincides with the scheme obtained by p r e -  
l im ina ry  smoothing of the discontinuous coefficients 
in (13) and subsequent  r ep lacemen t  of the der ivat ives  
in the equation with smooth coefficients by their  dif-  
ference ra t ios .  

The e r r o r  of approximation of d i f ferent ia lequat ion  
(13) by f in i te-d i f ference  equation (19) can be obtained 
if ce r ta in  assumptions  are made about the proper t ies  
of the solution V(x, t) up to the discont inui ty  l imi t  of 
the coefficients.  For  this, the r e ma i nde r  t e rms  in the 
formulas  for numer i ca l  in tegrat ion and different iat ion 
should be es t imated.  If the e lementa ry  region Dhr 

t , §  - - 

:< 
r 

xi-1 4' x,+, 

Fig. 1. F ragmen t s  of space - t ime  nePccork. 
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does  not  conta in  the l ine  ~ (t), then  the a p p r o x i m a t i o n  
e r r o r  of s c h e m e s  I and II is  O(~-+ h~). In the v i c i n i t y  
of po in ts  x = ~ (t), the o r d e r  of a p p r o x i m a t i o n  of the 
d i f f e r en t i a l  equa t ion  d e t e r i o r a t e s  and is  a func t ion  of 
the way  in which the  bounda ry  ~(t) i n t e r s e c t s  the l i nes  
of the s p a c e - t i m e  ne twork .  

L e t  us c o n s i d e r  a few s i m p l e  c a s e s  of such  i n t e r -  
s e c t i o n s  and d e r i v e  f o r m u l a s  fo r  the c o e f f i c i e n t s  in 
d i f f e r e n c e  equa t ion  (19) for  s c h e m e s  I and IL 

Le t  the t i m e  s tep  T be  such  that  the b o u n d a r y  ~(t) 
m o v e s  in t i m e  �9 e x a c t l y  one s t ep  of the s p a c e  ne twork ,  
be ing  at  a l l  t i m e s  exac t l y  in the m i d d l e  b e t w e e n  the 
nodes  of the ne twork .  A f r a g m e n t  of a s p a c e - t i m e n e t -  
w o r k  c o r r e s p o n d i n g  to th is  c a s e  is  shown in Fig .  l a  
(d~/dt  > 0). 

We a s s u m e  that  the func t ion  ~(t) can be  a p p r o x i -  
m a t e d  with su f f i c i en t  a c c u r a c y  by a po lygona l  func t ion  
tha t  c o i n c i d e s  with ~(t) at  po in t s  t = t k (k = 1, 2 . . . . .  K) 
and is  l i n e a r  b e t w e e n  them.  L e t  us c o n s i d e r  the e a s e  
of p i e c e w i s e - c o n s t a n t  coe f f i c i en t s :  

D = / D ~ = c ~  0 ~ x ~ ( t ) ,  

{ D~ = const, ~ (t) < x < l. 

Then  the c o e f f i c i e n t s  of the d i f f e r e n c e  equa t ion  a r e  
e a s i l y  c a l cu l a t ed  and have  the f o r m :  

for  s c h e m e  I 

el :<+~) = 1, p ~ )  = 1 ; 
• 

(~+l)  D~ D~D~ D1 + D~ 
�9 ' = - - + - -  - In 

d~+ ~_ 2 D~ - -  D~ 2D: 

e ? + '  zff+'  - ~?) z?) _ 

T 

1 [ (~+o 
___~ _ _  . i (z(k+,)  z(k+l)~ - -  

h ~ d~+~- i+, - -  , ; 

(k+,) ] 
- - ' (z?+') , ? + ' ) ,  d,_~_ - - -  Z~_+l'lI)) + 

i = l ,  2 . . . .  , N - - l ;  z(o~+')=0; z~+a)=0 ,  (28) 

w h e r e  

h x i+ -~- 
~ k + ' )  = _.~{S[(pV)( le+i) (pv) ( t~)]dx__  

h 
x, 2 

- -  [ D - o x  ~,+~.--D Ox t x , 
~k 

p(k+l )  0 (4+ , )  __  p(k) O(k) 
i t i t - -  + -g 

1 [d .  ~ @(~+l)  v ( + )) d. ' (v  (~+l)  ,,(~+l)~] 
+ h ~ [ ' -~T~ i+: - -  i - - -  ' - ~ - ~  ~ - - ~ i - i  s j  

i s  the o r d e r  of a p p r o x i m a t i o n  of the d i f f e r e n t i a l  e q u a -  
t ion by the d i f f e r e n c e  equa t ion ,  

L e t  us  r e w r i t e  (28) as 

a(k+') i  z(k+i)i+, - -  b(k-Fl)i Z(k-~-' ) ,  @ c(k@' ) ,  Z(k@l)i--, = f l  ~+I) 

(i = l, 2 . . . .  , N - -  1), (29) 

(k+I) D1 D1 D2 2D2 d~-_~ = - -  + -- In - - "  (24) 
2 2 D~ - - D 1  D~ @ D I ' 

fo r  s c h e m e  II 

1 
911~+0 = 1 ,  p ~ k ) = _ _ ;  

(~+') D1 + 7D2 (k+,) 7D~ 4- D.z 
�9 d r _ !  -- " (25) d,+ I _ 8 ' 2 8 

If the  l ine  ~ = ~ (t) i n t e r s e c t s  the n e t w o r k  as  shown 
in Fig .  lb ,  the coe f f i c i en t s  of the d i f f e r e n c e  equa t ion  
have  the fo rm:  

fo r  s c h e m e  I 

•  
p ( k + , ) ~ l ,  pl k ) = - ;  

i 2• 

(k+l) (k+,) D~D2 D~ 
�9 ' = D 1 ,  d. i I n - - ;  ( 2 6 )  

d~_ -K '+ ~ De - -  Di D1 

for  s c h e m e  II 

p~k+o = 1 o(~) = • -~- 1 
2•  

(~+i) D 1 + D~ '~{/~+l) = Dv (27) d,++ = 

3. S tab i l i ty  of n u m e r i c a l  i n t e g r a t i o n  s c h e m e s .  L e t  
z~ K+I)~ = V~(k+~) - v.(k+l) be  the e r r o r  of the m e t h o d  of 

n u m e r i c a l  so lu t ion  (vi(k+9 = V(x i, tk+l)). We subs t i tu t e  
1 l 

v..(k+l) = -V.(k+l) + z(k+l) into (19) and o b t a i n f o r  z. (k+l) 

a d i f f e r e n c e  b o u n d a r y - v a l u e  p r o b l e m :  

w h e r e  

(/~+D (k+i)  

d i +  2 -  . C(k+ i = 2 

a/k+l)= heo(k+l~,., '~ he plk+l). ; 

b~ k+') = ar + c~ ~+I) ~' 1; 

pl k) 

F o r  s e c o n d - o r d e r  difference,_~ equa t ions  such  as (29) 
with bounda ry  condi t ions  z~, ~'-~1) = z ~  +1) -  = 0, we have  
the m a x i m u m  p r i n c i p l e  [5] 

LN 

max, lz <_%-1 max I I' (30) 

i f  the  coe f f i c i en t s  of the d i f f e r e n c e  equa t ion  s a t i s f y  the 
condi t ions  

a~ k+:) > O, c~ k ~') > O, 

b~k+ I) >~ a~k+O + c~k+l) + 6(~+1), 6ch+1) > O. 

We i n t r o d u c e  the n o r m s  fo r  the  v e c t o r s  as fo l lows:  
[[Y[I = m.axlYil. Then  (30) can be  r e w r i t t e n  as 

I 

i] z(~+" !] < if f(h+,)[j .<. ][ ,(h+l)[] ~ + p(~+, k] zCk) II, (31) 
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w h e r e  

6u~+ll = r a i n  pl kH-t), p(k+x) = max Plk) 
i i plk+ l ) 

T h e o r e m ,  D i f f e r e n c e  s c h e m e  (19) is  u n i f o r m l y  
s t ab le  fo r  in i t i a l  data .  
F r o m  (31), by  r e c u r r e n t  subs t i t u t i on  fo r  llz(k+011, 

H z(k-!)l] . . . .  we obta in  

(i~( 
~+1) ;! p(h41) 

[iz<h+l>il~ ~ ' ~ _ , +  [~<k)i'l+... 6(h +l) 

�9 . .  + pg,+~)p(~) ...  p(2) 
;i*+ i) + 

k 

Z �9 p<h*~)p(k)...pO>llz(O) U .<~ - ~ -  l/r p{ + 

]=0 

+/~+1 IIZ + [! 

H e r e  P'r = m a x p  (k), 67- = rain 6(k), ][r ~- = m ~ x  llr 
k k 

We r e p r e s e n t  p~ as p~.= 1 + R T ,  w h e r e R i s  an 

a r b i t r a r y  cons t an t  that  is  c o n s i s t e n t  wi th  the i nequa l i t y  

PT > 0. Then  f r o m  

e Rr - -  l 
[I z+')il r ~ [I* I!~ + ear 0 z(O' i] = 

= M~ Ir ,~ -i- Me [iz (~ 'j (32) 

fo l lows  the u n i f o r m  s t a b i l i t y  of d i f f e r e n c e  s c h e m e  (19) 
for  in i t i a l  data .  

In the p a r t i c u l a r  c a s e  of R = 0, e s t i m a t e  (32) is  
e Rr - -  I 

va l id ,  s ince  lira -- T. The  c o n v e r g e n c e  of the 
Ro0 R 

so lu t ion  of the d i f f e r e n c e  p r o b l e m  on the so lu t ion  of 
the d i f f e r e n t i a l  p r o b l e m  at  a r a t e  equa l  to the o r d e r  of 
a p p r o x i m a t i o n  a l s o  fo l lows  f r o m  (32). 

4o N u m e r i c a l  e x p e r i m e n t s .  In o r d e r  to check  t h e s e  
s c h e m e s ,  the n u m e r i c a l  so lu t ion  was c o m p a r e d  with  
the ana ly t i c  so lu t ion  obta ined  in [3] fo r  an inf in i te  rod ,  
a cons t an t  v e l o c i t y  of the phase  boundary ,  and equa l  
d i f fus ion  c o e f f i c i e n t s .  The m o d e l  p r o b l e m  was  c a l c u -  
l a ted  with the fo l lowing  p a r a m e t e r s :  

CI ~ =C<2 ~ = C o = 0,04; • = 0,05; D~ = 10 -5 , 

D 2 =  10-5; h = 1 0 - 5 ;  z =  10-3; d ~ =  10:~, 
d t  

and the l eng th  of the i n t e r v a l  [0, l] was such  that  the 
b o u n d a r y  condi t ions  had p r a c t i c a l l y  no e f f ec t  in the 
n u m e r i c a l  so lu t ion ,  

F i g u r e  2 shows  the r e s u l t s  of c a l c u l a t i o n  of the 
m o d e l  p r o b l e m  by the m e t h o d  p r o p o s e d  in Sec t ion  2 
(us ing f o r m u l a  (26)) and of the ana ly t i c  so lu t ion  [3]. 
The  t ab le  g ives  the e x a c t  and c a l c u l a t e d  v a l u e s  fo r  
t i m e  t = 0.04 sec .  

The  e x a m p l e s  show tha t  the d i f f e r e n c e  s c h e m e s  can 
be  u s e d  fo r  d i f fus ion  p r o b l e m s  with  a m o v i n g  phase  
bounda ry .  In d e v e l o p i n g  the s c h e m e s  d e s c r i b e d  h e r e ,  
we a l so  t r i e d  s i x - p o i n t  s c h e m e s  and s c h e m e s  b a s e d  on 
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% 22 
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\! 
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Fig~ 2. D i s t r i b u t i o n  of i m p u r i t y  c o n c e n t r a t i o n  
(sol id l ine ,  e x a c t  so lu t ion;  po in ts ,  n u m e r i c a l  

ca l cu la t ion ;  C in %; x in p). 

E x a c t  and Ca lcu l a t ed  Va lues  for  T i m e  t = 0.04 s e c  

x;# 

2 
4 
6 
8 

10 
12 
14 
16 
18 
20 
22 

Exact 
values 

0,029121 
0102551O 
0.021453 
0.017151 
0:012860 
0:00885i 
0.005374 
0,087006 
0.071886 
0,061007 
0.053407 

Calculated solutions 

by (24) by (26) 

0.029478 0,029241 
0,025907 0.025637 
0.021857 0,021567 
0.017526 0,017337 
0.013176 0,012910 
0,009093 0,008874 
0.005541 0,005334 
0.087920 0,086517 
0,072637 0,071621 
0,061616 0,060902 
0.053900 0,053413 

by (2s) 

0.029385 
0,025798 
0,021736 
0,017399 
0.013050 
0,008977 
0.005441 
0,088167 
0.072827 
0,061760 
0.054004 

v a r i o u s  k inds  of s m o o t h i n g  of dis  cont inuous  coe f f i c i en t s ,  
In the n u m e r i c a l  e x p e r i m e n t s ,  the s i x - p o i n t  s c h e m e  
had s o m e  in s t ab i l i t y  (sawtooth solu t ion) .  The  s c h e m e s  
with  s m o o t h i n g  gave  s a t i s f a c t o r y  so lu t ions  fo r  s m a l l  
s m o o t h i n g  i n t e r v a l s - - o n e  o r  two s t eps  of the ne twork .  

The  p r o p o s e d  p r o c e d u r e  can be  ex tended  to the 
m u l t i d i m e n s i o n a l  c a s e  (the au tho r s  have  s o l v e d  the 
t w o - d i m e n s i o n a l  p r o b l e m ) ,  and a l so  to m o r e  g e n e r a l  
equa t ions  and s y s t e m s  of equa t ions  fo r  so lv ing  the p r o b -  
l e m  of t h e r m a l  d i f fus ion .  

We thank Yu. A. S t e r e n b o g e n  and V. L Makhnenko 
fo r  f o r m u l a t i n g  the p r o b l e m  and for  n u m e r o u s  d i s c u s -  
s i ons  of the m e t h o d s  and r e s u l t s .  
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